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Abstract 
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The purpose of this paper is to give a family of simplicial complexes which are not embeddable 
in a linear space of fiied dimension. Additionally it is shown that “almost all” of these 
complexes are minimal with regard to this property. 
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1. Introduction 
It is well known that every n-dimensional simplicial complex can be linearly 
embedded in R2”+‘. However, there exist n-dimensional complexes that are not 
(topological) embeddable in R2”. In [1,2,11], two classes of such complexes are 
given. These results were generalized in [4] using the concept of the join of 
complexes. In [4,14] it was also shown that the considered complexes are minimal, 
i.e., every proper subcomplex is linearly embeddable in the appropriate space. 
Continuing the investigations of [8] we present a class of complexes, including all 
those considered in [1,4,7,11,14], whose members are minimal in the above sense. 
In contradistinction from the above papers we do not only examine the embed- 
dability of n-complexes in R2” but also in Rq where q # 2n. 
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2. Definitions 
The complexes considered are all finite. By vert u and vert Z we denote the 
vertex set of a simplex u and the vertex set of a simplicial complex 2, respec- 
tively. For a simplex u let 6 be the complex consisting of all proper faces of u. 
The facial complex 9(a) of u is the set of all faces of u. A simplex u of a 
simplicial complex Z is called maximal if it is no proper face of another simplex 
of Z. Let u be a simplex and ZZ be a simplicial complex such that vert u c vert _!Z 
and vert Z\vert u is affinely independent. Then k? is the simplex with vert a = 
vert Z\vert u. 
Let X, Y be two disjoint subsets of R”. X and Y are said to be in general 
position if for every x,x’ EX and y,y’ E Y such that x #x’ or y # y’, (x, y) n 
(x’, y’) = fl where (nc, y) is the interior of the line segment between x and y. If X 
and Y are in general position we define the join XY to be the set 
XY={Ax+(l-A)y(.EX, yEY,O<h<l}. 
Clearly, if X is an n-dimensional simplex and Y is an m-dimensional simplex then 
XY is an (n + m + l)-dimensional simplex. 
If Z and 9’ are simplicial complexes with 127 I and I L?’ I in general position 
then 13 I( 2 I is a polyhedron with the underlying simplicial complex 
Forming the join of simplicial complexes is an associative and commutative 
operation, i.e., (5E?)&=Z(PA) and ZP=Px if all these joins exist. Let x 
be a point. Instead of {x}u or {{x}}Z we also write xu and xZ. By a% we mean 
the set of all ur such that 7 EZ (this is not a complex in general). 
Let 97 be a simplicial complex, u E Z and x E int u. The complex 9 obtained 
by replacing ur by the maximal simplexes of X&F(T) for each (~7 EZ is called a 
stellar subdivision of Z at u. 
3. Results 
The complexes 3 we are interested in have the following property: 3 is a 
subcomplex of the facial complex of a simplex such that for every simplex u 
satisfying vert u c vert 3, either u E% or Z EZ but not both. Such complexes 
2 are called nice. The condition that Z’ be a subcomplex of the facial complex of 
a simplex is only of technical nature. It guarantees that each subset of the vertex 
set of 3 is affinely independent. 
Here are some examples of nice complexes: 
(1) For an n-dimensional simplex a,, let u,k denote the complex consisting of all 
faces of a,, of dimension < k. Clearly, uZ:, + 2 is nice. In [1,11,12] it has been shown 
that this complex is not embeddable in R2”. In [4] it has been proved that 
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&2,+242,+2 . . ’ u&2 is not embeddable in R 2(n) +n2+ ..’ +n,+r-l). For recent 
results concerning these complexes see [71. 
(2) In [5], generalizing the well-known theorem of Kuratowski [6], all 2-com- 
plexes which cannot be embedded in the 2-sphere are characterized by seven 
“forbidden” complexes Xi,. . . , X7. 
Xl = 6 U {x5} where (T =x1x2x3x4, 
-%=~l\b,~,%~ “{x,x,), 
33 ‘-%\bl~2~4~ ” b3GL 
z$ =%\b1x2J ” {x3x4x51, 
% =-%\{v3~4~ ” h-d 
-%=-%\(-%-v41” tx1-%1, 
A?,= u u F(XiXj). 
i=1,2,3 j=4,5,6 
A complex is not embeddable in S2 if and only if it contains a subcomplex 
homeomorphic to one of these seven complexes. Six of them are nice and these, 
together with the 3-simplex, are all nice complexes with five vertices. The seventh 
(the Kuratowski graph K,,,) is the join of two nice complexes (join two disjoint 
copies of at). 
(3) For a simplex (T and a point x P cr, Z = 6 u {x} (in precise notation: 
BY = ci U ((x))) is nice. 
(4) We will also call an ordinary simplex u nice. This will be interpreted as 
follows: let x be a point not in (T and 3 the subcomplex of Y(xa) consisting of 
all faces of CT (E contains x only as a “virtual” vertex). Then Z is nice. So if we 
say that an n-simplex is nice we consider it as a simplicial complex with n + 2 
vertices. 
(5) Let _Z be nice and u be a simplex such that u and I 3Y I are in general 
position. Then F(u)Z is nice too. 
We shall prove 
Theorem 3.1. Let the complexes X,, Z2,. . . , Zr be nice, let &. have ni + 3 vertices 
and assume that Z = ZIZ2 . . ’ Zr exists. Then 3 is not embeddable in R” where 
n = n1 + n2 + . . . tn, + 2r - 2. 
Furthermore, _%? is minimal (i.e., every proper subcomplex of 5i? is linearly 
embeddable in R”) except for the following cases: 
(1) All x. are simplexes or 
(2) r = 1 and XI is of the form 6 U Ix). 
4. Embeddability proofs 
We first prove the following two lemmas. 
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Lemma 4.1. Let 3 be nice and v ~3 be maximal. Then 
3?c(&) u {a). 
If both u and 17 have more than one vertex then 25 # (66) U (a}. 
Proof. Let n E_%\{(T}. Because u and F are not in _%?\{a], n contains neither u 
nor 5. Because of vert n cvert u U vert F it follows that n E $6 proving the 
above inclusion. 
Now let u and a each contain more than one vertex, u = xini,F =x2v2 such 
that x1 overt u, x2 E vert ?F, n1,n2 f @. Assume 2Z= (&->U (a). Then x1x2, 
nip E i% but x1x2= n1n2 - contradicting X to be nice. 0 
It is an easy task to show that the only nice complexes having a maximal simplex 
u such that u or (T has no more than one vertex are the simplexes and the 
complexes of the form 6 U {x). 
Lemma 4.2. Let U, V be two linear orthogonal spaces and u a simplex in U such that 
0 is an interior point of u. Then 1 k 1 and V are in general position. Zf r c V is a 
simplex with 0 E r then ( tir 1 is a convex polytope. 
Proof. Let xl,xZe l&l, y1,y2= V, A,,h,e(O, 1) and 
z=h,x,+(l-A,)y,=h,x,+(l-A,)y,. 
We have to show that xi =x2 and y1 = y,. 
The representation of z as a sum of an element of U and an element of V 
being unique, it follows that A,x, = A,x,, consequently x, = (A,/A,)x,. Every ray 
issuing from an interior point of a convex set meets at most one boundary point of 
this set and we see that xi =x2, A, = A, and, because of A,,A, Z 1, also yi =y2 
which proves the first part of the lemma. 
Now let 0 E 7 c V. We will show that I ti.7 1 = conv(u U T), the convex hull of 
u u 7. 
It is clear that I &r I G conv(u U 7). 
Every z E conv(u u T) can be represented as a sum 
z=Ax+(l-A)y, XEU, y~r,O<A<l. 
Choose CY > 1 in such a way that (YX E 16 I. Then 
and (1 - h)/(l - A/c-u)y E r because it is on the line segment between Y and 0. 
0 
Making use of the results of [8] we can prove that “almost all” nice complexes 
with n + 3 vertices are minimal in R”, but the following provides a proof which is 
more transparent. 
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Theorem 4.3. Let _‘S be nice with n + 3 vertices, not a simplex and not of the form 
ti U {x). Then every proper subcomplex of X is linearly embeddable in R”. 
Proof. We have only to find linear embeddings for complexes X\(a) where u is 
maximal in Z. 
Let U, I/ be orthogonal subspaces of R”+l such that dim U = dim u and 
dim I/= dim 5 (U and V exist since dim (T + dim a = n + 1). Place u in U such 
that 0 E int u and F in V such that 0 E a. 
Using Lemmas 4.1 and 4.2 we see that X\{a} is represented in R”+l as part of 
the border complex 66 of the (n + lkdimensional convex polyhedron P = I tit? I. 
Because both u and 0 have more than one vertex there exists an n-face S of P 
which is not in X\(a). Thus we obtain a linear realization of X\{a} in a linear 
n-dimensional space in the Schlegel diagram of P, based on S (see [3]). 0 
The next theorem is a generalization of [14, Theorem 41. 
Theorem 4.4. Let Z and A? be simplicial complexes such that every proper 
subcomplex of _5? is linearly embeddable in R”, 2 is nice and has n + 3 vertices, and 
2C.F exists. Then every proper subcomplex of AZ? is linearly embeddable in Rm+“+‘. 
Proof. The proof follows an idea of [14]. Let T be maximal in _!Z and u be maximal 
in 3. We have to prove that _Z~\{(TT) is linearly embeddable in Rm+n+2. Let U, 
V, W be pairwise orthogonal subspaces of Rm+n+2 such that dim U = m, dim I/ = 
dim u + 1, dim W = dim F. Let r =x070 where x0 E vert r. 
Because of the minimality of _5? we assume that _!Z\(T} is contained in U and, 
in addition, we may assume that x0 is located in the origin. Choose a point y0 E V 
and place u in I/ such that u and y0 are in general position and 0 E int(y,u). Set 
p = you. Because of Lemma 4.2 we can form the join 
J’=&qP\IrH = ({a) UY”a)(~\IrH. 
Because x,, E int p, A?” is a stellar subdivision of the complex A? obtained by 
replacing x&F(n) by st(p)F((rl) for each x07 ~9. 
A?’ contains a complex 9’ isomorphic to 9 where x0 corresponds to y0 and all 
other vertices coincide (r l 9 corresponds to r’ =y07a ~9’). We have u(_Z?“\ 
{r’}) GA? and &-’ u. 
Now place a in W such that 0 E int F and define _H = I&?‘. Because of 
~?%?‘+%-u [U})(p’\(T’} u {T’}) 
&+?‘\(T’}) ua’&T’u {UT’), 
N contains the complex ~~'\{uT'}, which is isomorphic to _Z~?\{UT). 0 
With the help of Theorems 4.3 and 4.4 the minimality of the complex X of 
Theorem 3.1 can be proved when the following is 
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Let (T, r be two simplexes, dim u = n + 1, dim r = m + 1, 3 the nice complex 
consisting of F(a) and one “virtual” vertex, and xa,y, P u, r. Then 
and 
are minimal in Rn+mf2. 
~37; = St(a)(i u (y,}) is a nice complex with IZ + m + 5 vertices and is therefore 
minimal in Rn+m+2, which also shows the minimality of _%?r. 
The methods of the proof of Theorem 4.4 can be applied to x2 except for 
showing that x2 \{xOyo} is linearly embeddable in R” where n = dim u + dim T. 
An embedding of this complex in an n-dimensional space as desired is obtained by 
replacing (T, T and y, in three orthogonal subspaces U, I/, W (of suitable 
dimensions) of R”+’ and x,, in the origin such that 0 E int u, 0 E int r and y, # 0. 
Then we find a copy of _%?2\(x0yo] in a suitable Schlegel diagram based on a face 
of the convex polyhedron I aiy, I. 
5. Nonembeddability proofs 
The method used here to prove the nonembeddability of a complex is well 
known (see [9,12]). Suppose that the complex _% is embeddable in R”, i.e., there 
exists an injective continuous function f : 1 37 1 + R”. We define the cell complex 
_.7* as 
z*={~xr](~, TEE, an7=8}. 
We obtain a new function F: ( AT* 1 + S”-’ (S k is the k-dimensional sphere) by 
putting 
“f(x) -f(Y) 
F(x, y, = If(x) -f(y)1 . 
Clearly, F is continuous and satisfies F(x, y> = -F(y, xl. A necessary criterion 
for the existence of such a function F has been established in [13] by means of 
homology theory. 
We only consider chains c of z* over the group 2, of integers modulo 2. 
Later we shall use the notations (C,a,) X (Ejrj) := CiCj(a, X rj) and (c,ci X 
T,)(C~T~ x pj> := C,Cj(cinj x ripi) and we shall apply the formulas a(cd) = (ac)d + 
C(M) and a(~) = (&)T + U(aT). 
We define a homomorphism r : Ck(%*) Z,) + C,(_%?*, Z,) on the k-dimen- 
sional chain group Ck(z*, Z,) of x*: 
%-( (Tr X T1 + CT2 x T2 + ’ ’ ’ +U,xT,) =T, XU,+T2XC72+ “’ +T,.xa,. 
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A chain c E Ck(5Y*, Z,> is called symmetrical if r(c) = c. One can show that c 
is symmetrical if and only if there exists a chain d such that c = d + a(d). To each 
symmetrical cycle t E Z,(X*, Z,) we assign an index e(z) f (0, 11 recursively: 
Let z = d + n(d). If z is O-dimensional then f&r) is the number of summands of 
d module 2. If the dimension k of z is greater than zero then consider zi = ad. z1 
is a (k - l&dimensional symmetrical cycle and we set 0(z) = 0(z,). It can be shown 
that 
(1) e(z) does not depend on the choice of d, 
(2) homological cycles have the same index, i.e., 0(z + ac) = 0(z). 
A symmetrical cycle z is called essential if e(z) = 1. It can be shown (see [13]) 
that if there exists an essential n-dimensional cycle in _%Y* then there is no 
continuous function F : I_%?* I + S”- ’ with the property F(x, y) = -F(y, x) 
(consequently, _%7 is not embeddable in R”). 
Lemma 5.1. Let u be an (n + l)-simplex, n > 0. Then the sum z of all maximal cells 
of F(a)* is an essential n-dimensional cycle. 
Proof. Every maximal cell of 9(a)* is of the form TX r] where T f~ 17 = ti and 
777 = a; consequently, z is an n-dimensional chain. z is a cycle because every 
(n - l&cell 7’ x 77' of Y(a)*, vert 7’ n vert 77’ = vert a\(x), is a face of the two 
n-cells x7’ x 7' and 7’ x xv' but not a face of any other n-cell. 
The fact that z is essential is proved by induction on n. For n = 0, ST(a)* 
consists of two points and the statement is obvious. 
Now let n > 0, x0 a vertex of v and u =x~u(~. Let d be the sum of all maximal 
cells 7 X 77 of F(U)* with the property x0 E T. Then z = d + z-(d). 
Now consider an (n - l)-cell 7’ X 77' of F(a)*. If x0 E T’ then 7’ X 7' is a face 
of exactly two summands of d, if x0 E n’ then T’ X 7' is a face of no summand of 
d and if x0 G? ~‘77’ then 7’ x 7' is a face of exactly one summand of d. This gives us 
ad = z, where zi is the sum of all maximal faces of Y(a,,)*. 
Now we apply the induction hypothesis and conclude that 0(z) = 8(ad) = e(z,> 
=l. 0 
The next theorem implies the nonembeddability statement of Theorem 3.1. 
Theorem 5.2. Let the complexes A?,, X2,. . . , Zr be nice, let 4 have ni + 3 vertices, 
and assume that X =X,X1 . . . X, exists. Then the sum z of all maximal ceils of 
A?’ * is an essential n-dimensional cycle where n = n 1 + n 2 + ’ . . + n, + 2r - 2. 
Proof. We first show that z is n-dimensional. Let P = uIu2 *. . u, x r1r2 . . . TV be 
maximal in z*, ui X 7i E &*. Then for i = 1, 2, . . . , r, ui X 7i is maximal in 4. 
Because 4 is nice, there exists a vertex xi E vert q such that xi G a,, ri. Because 
ai x 7i is maximal, ~,a, P q and hence 7i s xiui E& and again because of the 
maximality of ui x ri, we conclude that 7i = xiuj. We obtain dim ai + dim 7i = ni 
from which it follows that dim P = n. 
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Now we show that z is a cycle. We shall show that every (n - l)-cell of 2Z?* is a 
face of exactly two n-cells. Let P = a,v2 . . . a, X q-172 . . . T, E A?* be (n - l>- 
dimensional, a, X 7i E &*. Then by the above considerations, there is exactly one i 
such that a, X 7i is not maximal, without loss of generality let i = 1. There are 
exactly two vertices x,y ~3, such that vert 2, = {x, y} 6 vert ui 6 vert pi. Be- 
cause x1 is nice 
- either xc1 E 2?i or YT~ = xU1 E 2Yl but not both and 
- either ya, ES?, or XT, •2~ but not both. 
In every case there are exactly two pairs ((T;, 7;) satisfying a;, T; EZl, U1 Cu;, 
T1 GT; and U,T1 #U;T;. But P is a face only of cells of the form ui’u2 * . . ur x T;T~ 
. . . 7, where ui c_ u; and T1 c T;. 
Eventually we show that z is essential. Clearly, z is symmetrical. If all q. are 
facial complexes of simplexes then so is Z and the assertion follows from Lemma 
5.1. Otherwise we exchange some of the 4 with the help of the following 
operation which we explain for Zi. 
Let u E 27, be maximal and Zi’ = _%?i \ {a} U ii?). We have G G xi, but because 
of the maximality of u, every proper face of G is in Z1 and we see that 3; is a 
complex, even xi’ is a nice complex. Let z’ be the sum of all maximal cells of A?‘* 
where _%?I =Zi’_%Y2 . . . ;F;. We show that z and z’ have the same index. In order 
to do this we set _Yi =Zi u (17) and consider 3 and 2’ as subcomplexes of 
_5?=2?,z~ . . . Zr. Let y be the sum of all maximal cells of (x2 . . . Zr)* and d be 
the sum of all maximal cells of 27,* in which u does not appear. Then 
z=(ux(acT)+(ac)xu+d)y 
and 
z'= (CTX (au> + (au) x(~+d)y. 
Now we consider the chain c = (a X u + u X F)y of _Y* and because of ay = 0 
we see that 
ac=a(~xu+~x~)y+(ax~+u+c)ay 
= ((a*) xu+ax (au) + (aa) xa+ux (aa)>y 
=z+z’. 
Hence z and z’ are homologous cycles of _Y and 19(z) = 0(z’>. 
By replacing maximal simplexes by their complements without changing the 
index of the complex, every complex xi can be made a facial complex of a simplex 
(by successively deleting the maximal simplexes containing a fixed vertex). 0 
6. Remarks 
The special cases of Theorem 3.1 for which 257 is not minimal can be settled by 
considering embeddings of complexes in spheres. The following can be proved: 
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Theorem 3.1’. Let the complexes XI, X2,. . . , Xr be nice, let &. have ni + 3 vertices, 
and assume that Z = ZIXz . . . Xr exists. Then 37 is not embeddable in S” where 
12 = n1 + n2 + * . . +n, + 2r - 2. 
Furthermore 37 is minimal, i.e., every proper subcomplex of 3 is topologically 
embeddable in S”. 
Nice complexes and joins of nice complexes characterize the complexes not 
embeddable in R2 (see [5] and example (4) above). One might expect that these 
complexes play a similar role in higher dimensions. But there the situation is more 
involved. In [lo,151 it was shown that for each n 2 2 there are infinitely many 
n-complexes not embeddable in R2” which are pairwise nonhomeomorphic and all 
minimal (i.e., each proper subcomplex is piecewise linearly embeddable in R2”). 
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